Abstract: The goal of this article is to study incomes in the Czech Republic and their development since 1992. The net annual per capita income of Czech households is analysed for all households and their respective subpopulations. Data from the microcensus 1992, 1996, 2002, and EU-SILC 2005 -2008 surveys carried out by the Czech Statistical Office are used. The subpopulations are defined by a household's location (Bohemia or Moravia), and education and age of the head of the household in order to compare the distributions of the income in Bohemia and Moravia and to quantify the impact of education and age on incomes. The three-parameter lognormal distribution is chosen as a probability distribution to model the per capita income distribution for the whole population and for subpopulations. To estimate the unknown parameters, the maximum likelihood method and that of L-moments are employed. 
questions relating to the standard of living. Income models (and characteristics derived from them) can be used, apart from quality of life research, for making an inter-regional or international comparison of standards of living.
Not only knowledge of the overall income distribution over the given period and country, but also income distributions amongst particular subgroups of people are worthwhile. These distributions can be used in an analysis of income differentiation or income inequalities in society. Knowledge of income distributions can also be used for other purposes. It refers to process improvements relevant to other statistical variables correlating with income. We can give examples of household expenses and facilities, time utilization, purchasing purposes as well as various positions within the scope of sociological research. Having in mind all the above mentioned applications of income distribution analysis, we work with mass quantitative or qualitative observations.
In investigating income level and differentiation, indicators of income characteristics (such as average, median, standard deviation etc.) -categorized according to the sector of economy, gender, education, age and other criteria -are useful, but more detailed knowledge of the frequency distribution of income can be beneficial in the analysis.
Within the scope of this research, data provided by the Czech Statistical Office are used. These sets of data come from microcensus 1992 , 1996 and 2002 and EU-SILC 2005 -2008 (these surveys include data about incomes in [2004] [2005] [2006] [2007] . The first sample from 1992 is part of the survey that covered the Czech and Slovak Federal Republic. This federal state split into two parts: the Czech Republic and the Slovak Republic on January 1st, 1993.
The analysis employs annual net nominal per capita income of Czech households in Czech crowns (CZK). The sample units are represented by the households whose heads are categorized according to education or age, respectively. Subpopulations in this paper are defined by a household's location (in the historical lands of Bohemia and Moravia), education (four levels) and age (10-year-long intervals) of the head of household, respectively.
In order to compare the development of incomes in households in the Czech Republic and in Europe, the medians of equalized (not per capita) incomes from European Union members (data from Eurostat) for 2004-2007 are shown. In probability modelling, when the analysed income distribution is described by a probability model, a suitable probability distribution must be fitted and its unknown parameters have to be estimated. The choice of a proper distribution is the first step in a successful analysis. If the above choice is inappropriate, misleading results can be obtained. In this text, the three-parameter lognormal distribution is used. The appropriateness of this choice has been widely discussed in the literature from both theoretical and empirical point of view (see Johnson, Kotz, and Balakrishan, 1994; Kleiber and Kotz, 2003) . As for the data for the Czech Republic, the fit of this distribution can be found in Bartošová (2006) , Bartošová and Bína (2009) or Bílková (2008) . A more detailed description with the use of a finite mixture of lognormal distributions is used for the Czech Republic in Pavelka (2009) , for the United Kingdom in Flachaire and Nunez (2007) . A variety of other probability distributions (sometimes called income distributions) is often encountered in the literature dealing with the topic. The generalized lambda distribution was used for incomes in the Czech Republic in Pacáková and Sipková (2007) . The Dagum distribution is frequently used with good results. Loglogistic, generalized beta and Pareto distributions (for high incomes) are also successfully used in numerous resources dealing with the issue of wages or incomes (Dagum, 1990 (Dagum, , 1997 McDonald, 1984; Parker, 1997; Kleiber and Kotz, 2003) .
For an estimation of unknown parameters, the maximum likelihood method is usually employed, maximizing the logarithm of a likelihood function with respect to unknown parameters (a numerical procedure has to be applied as no closed formulas are known for estimators). In this paper, the results of this widespread estimation method are compared with those obtained from the use of so-called L-moments. L-moments and their use for the estimation of unknown parameters are briefly introduced. The differences between estimates (and quantities derived from these fits) detected by both methods are shown in Figures 5 to 7 and commented on in the text.
Methodology

Three-Parameter Lognormal Distribution
To model the distribution of annual net income per capita we use the three-parameter lognormal distribution with unknown parameters µ, σ and θ. These parameters have a simple meaning, as the distribution and their values can be easily interpreted. If a random variable X has a three-parameter lognormal distribution, LN(µ, σ 2 , θ), then a variable log(X − θ) has a normal distribution with expectation µ and variance σ 2 . The parameter θ is the theoretical minimal value of X. The distribution is described by the probability density function
where µ, θ ∈ R and σ 2 > 0. The corresponding cumulative distribution function (cdf) can be written as
where Φ(·) denotes the cdf of a standard normal distribution. In the text we use the first common and second central moment of the distribution given by
The quantiles are
Here x p denotes a 100p % quantile of the lognormal distribution, and u p is the 100p % quantile of a standard normal distribution.
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Methods of Estimation
Parameters of the lognormal distribution are estimated with the use of the maximum likelihood method and that of L-moments. Suppose that X is a random variable and the sample of n observations from the distribution of X is X 1 , . . . , X n . The ordered sample is denoted by X 1:n , . . . , X n:n with X 1:n ≤ · · · ≤ X n:n . Maximum likelihood estimatesμ,σ, andθ of the three unknown parameters in (1) were calculated by a numerical optimization procedure (see Cohen and Whitten, 1980) where the logarithm of the likelihood function based on (1) is maximized with respect to the parameters.
The method of L-moments is less known and part of the estimation is briefly described. The estimates of the unknown parameters µ, σ, and θ obtained by this method are denoted byμ,σ, andθ. Theoretical values of the L-moments are linear combinations (L stands for "linear") of the expectations of the order statistics. By ordering we mean ordering of the sample elements from the smallest to the largest value. The k-th population L-moment λ k , for k = 1, . . . , n, is defined as
where E(X j:n ) denotes the expectation of the j−th order statistic from an independent sample of size n. It can be seen from (3) that the first L-moment λ 1 is equal to the mean of X. It can be shown (Hosking, 1990 ) that if λ 1 is finite, all L-moments exist and are finite.
The sample k-th L-moment is the sample version of (3), i.e.
where i 1 , . . . , i k and X i 1 , . . . , X i k are ordered subsamples of size k from the ordered sample of the size n ( ( n k ) subsamples). Instead of formula (4), the sample L-moments can be evaluated with the use of a more convenient formula for computation (see Hosking, 1990, or Hosking and Wales, 1997) as
where
In Hosking (1990) relations between the parameters µ, σ, θ and the first three theoretical L-moments λ 1 , λ 2 , λ 3 are given and values of the L-moments are evaluated with the use of the distribution parameters. Moreover, the inverse relationship between the first three sample L-moments l 1 , l 2 , l 3 and the maximum likelihood estimatesμ,σ,θ are also derived in Hosking (1990) . In the following, in order to estimate the parameters of lognormal distributions using L-moments, the first three sample L-moments are evaluated according to formula (5). Then estimates of the unknown parameters in the lognormal cdf are found as (Hosking, 1990) 
) .
Here, u p denotes the 100p % quantile of the standard normal distribution and t 3 = l 3 /l 2 is the sample third L-moment ratio. More about L-moments can be found, for example, in Smithers and Schulze (2001) or Kyselý and Picek (2007) . All computations (and numerical method applications) were made in Excel and R 2.13.1. To describe the fitted distribution, estimates of the parameters are plugged into the above results.
Characteristics of Differentiation
There are various characteristics to describe the variability of incomes (or differentiation of incomes) -variance, standard deviation, coefficient of variation or Gini index (Kleiber and Kotz, 2003) . Here, only the standard deviation and a coefficient of variation is used. As L-moments are of interest, we give a few comments on the relationship between twoand three-parameter lognormal distribution and characteristics of differentiation. If the two-parameter lognormal distribution is used, it is clear from (2) (if we take θ = 0) that the coefficient of variation depends only on the parameter σ 2 and equals √ exp(σ 2 ) − 1. In various articles (Kleiber and Kotz, 2003) , formulas for the Gini coefficient can be found in the form of erf(σ/2), where erf is the error function, or equivalently as 2Φ(σ/ √ 2) − 1. Unfortunately, in the case of the three-parameter model this doesn't hold and both characteristics depend on all three parameters. For the coefficient of variation we have from (2)
Formula (3) for k = 2 can be rewritten as
and we conclude that the Gini mean difference is 2λ 2 (see also Hosking, 1990 ) and the Gini coefficient can be evaluated as λ 2 /λ 1 . Moreover, with the use of Hosking's paper we obtain for the Gini coefficient G of the three-parameter lognormal distribution the result
Here, Gini coefficients are not included but from previous considerations the usefulness of L-moments in evaluating these characteristics is clear.
Data Analysis and Results
Per Capita Income in the Czech Republic
In the paper, we use particular data about Czech households from microcensus (files for 1992, 1996, and 2002) and from the Living Conditions Survey, a national module of the European Union Statistics on Income and Living Conditions (EU-SILC), from 2005, 2006, 2007, and 2008 . Net annual household income per capita (nominal income) is the analysed variable. These surveys were carried out by the Czech Statistical Office. For the sake of completeness, we use data from the microcensus, focusing, however, on EU-SILC figures. The aim of the annual survey is to gather representative data on the income distribution for the whole population and for various household types, housing conditions (housing quality and affordability), household durables, labour, financial and health conditions of adults living in private households (CZSO, Czech Statistical Office). The total net income of a household is the sum of all monetary and non-monetary earnings of all members of the household after tax and deductions. EU-SILC data are collected by means of questionnaires with different units of reference -dwelling unit, household and personal questionnaires (for all members over 16 years of age). Social benefits targeted at particular households, annuity income and the value of goods produced directly by the household through either private or professional activity are covered by a household questionnaire. Income from employment (permanent and temporary jobs), sickness, oldage, unemployment and social benefits claimed by individuals as well as other incomes (such as capital income, sales of property, insurance claims, etc.) are recorded in personal questionnaire forms.
Data for various types of income of Czech households were collected together with other characteristics such as the status of the head of household, the number of employed household members and dependent children, household type, the age and education of the head of household, the size of municipality and region, etc. Marriages with or without children are always headed by men, regardless of their economic activities. In lone-parent families or non-family households, the primary criterion for determination of the head of household status was economic activity and the secondary criterion was the income of household members (CZSO). For our analysis, net income per capita was evaluated as the ratio of the total annual net income of a household to the number of household members. This variable is the ratio of two random variables, the value having been evaluated for each household in the sample and data being treated as a random sample (not stratified the way it was). Furthermore, the households were divided into groups according to their location (Bohemia, Moravia), the household head's education (primary, secondary, complete secondary, and tertiary education) and age (grouped into ten-year intervals: under 30, 30-40, 40-50, 50-60, over 60) . In the following text, "income" is used instead of "annual net income per capita in CZK".
Sample characteristics of all the analysed samples are given in Table 1 . There are very different sample sizes (from 4,352 households in 2006 to 28,148 households in 1996), precise numbers of households in subgroups being displayed in Table 2 . We can see from the table that almost all samples are large, the smallest value being 118 household heads with complete secondary education in 2004. Source: own computations, CZSO and CNB In the analysed period the level of incomes increased markedly as both characteristics of location (the arithmetic average and the median in CZK) increased in time (mean income from 35,000 CZK in 1992 to almost 133,000 CZK in 2008, the median from 31,000 CZK to more than 117,000 CZK). Table 1 also offers a review of income differentiation. The characteristics of absolute variability (standard deviation in CZK) show a rising trend at first (the period between 1992 and 2002) and later fluctuate around a constant value. The characteristic of relative variability (the coefficient of variation in %) also increases between 1992 and 2002, but in the following years it shows a decreasing trend. A certain diversity in the light of income distribution skewness is further palpable from Table  1 . The positive skewness of distribution of net per capita household incomes over all the analysed periods is shown. From this it follows that lower per capita incomes predominate in comparison with higher incomes in the given sets of data. It is a typical situation not only for income distributions, but also for wage distributions. In the last two rows of Table 1 , the inflation rate and average rate of CZK/EUR are shown. The median value of per capita income in CZK increased from 2004 to 2007 by 21.1 %, the mean value by 19.7 % and inflation was 7.4 %. If we use the exchange rate from Table 1, the increase was 46.8 % for the median and 45 % for the mean. It reflects the strengthening of the Czech crown that is obvious from Table 1 .
The development of chosen sample percentiles is shown in Figure 1 . The above mentioned positive skewness is obvious from the gap between the graph lines. Lower quartile (under the median) curves are denser; those above the median are rarer. The line that separates 1 % of the highest incomes (99 % quantile) is markedly distant from the others.
Moreover, the interval in which 50 % of middle per capita incomes occur can be 140 Austrian Journal of Statistics, Vol. 41 (2012) Figure  1 and the three lines in the middle of the figure -for lower, median and upper quartile). The first decile can be used as an upper bound for low incomes; the ninth decile, on the contrary, is used in the text as a lower bound of high incomes. In 1992 ten per cent of households had their income lower than or equal to 21,292 CZK. This bound increased gradually to the amount of 76,571 CZK in 2007. In the light of determination of 10 percent of the highest per capita incomes, in 1992 ten % of the highest incomes were equal to or higher than 51,977 CZK. This bound also increased gradually in time to the amount of 202,327 CZK in 2007. Marginal percentiles (1 % and 99 %) are used for the characterization of minimum and maximum incomes. In the interval given by these values, there are 98 % of middle incomes and only 1 % of the lowest and 1 % of the highest incomes are excluded. The development of the above mentioned quantities is noticeable in Figure 1 .
The median is frequently used as a characteristic of the location of the sample instead of the mean in case of a skewed distribution. As a supplement to Figure 1 , sample medians are shown for subpopulations defined by a household's location (Figure 2 ) and the education and age of the head of household (Figures 3 and 4 respectively) . The line for the whole sample is shown in each figure in order to indicate a relative position of subgroups towards the whole sample. The values of the medians are given in Table 8 In Figure 2 , the positive impact of education is obvious. We would like to note that only education of the head of household is taken into account, other household members' Figure 4 that the net per capita income of a household depends on the age of its head. The level of income gradually rises during the whole survey period. The level of per capita income of the households whose head is between 30 and 40 years of age is lower than that of the households whose head is 30 years old or younger. The reason evidently lies in the fact that young people up to 30 get ahead in career and start a family later; at that time their income decreased markedly. The level of income rises with age up to 50-60 years which is the last age group formed by the majority of employed people. Most people in the group over 60 retire and the income goes down again. Households with the head in the 50-60 age group have the highest per capita income, whereas members of the 30-40 year of age group have the lowest median of per capita income. Some of these observations are surprising, as we would expect a better position of households with younger male heads. This is the reason for analysing equalised incomes instead of per capita incomes. Equalised income takes into account potential expenditure sharing in households, especially in those with children. If we use per capita income, households with children (usually with 20-40 or 50-year-old heads) are disadvantaged when we put weight 1 to each member of a household. If equalised incomes are used, weights depend on the structure of a household and weight 1 is assigned only to the head of household.
The three-parameter lognormal distribution was fitted into the sets of data described above. Estimates of three parameters of the lognormal distribution for the whole sample for each year obtained by both methods of estimation mentioned above are given in Table 3 . Differences between estimates, especially to estimate the shift parameter θ, are apparent in the table. It is clear that even in the case of large samples, the estimates of parameters depend strongly on the method of estimation. According to Figure 5 , however, characteristics of the level evaluated on the basis of these estimates are similar.
From our analysis, we conclude that estimation errors (not given in the text) are rather high when the shift parameter θ is estimated in comparison with other two parameters. Very different values of the parameter θ are shown in Table 3 . The values of theta for maximum likelihood estimates are even negative and estimates via L-moments are greater than minimal incomes, coinciding roughly with the third percentile. Because of a very close contact of the lower tail of the lognormal density curve with the horizontal axis, the negative parameter theta does not seem to be a problem for a good fit of the model. Due to its estimates being negative, however, the value of theta has no interpretation. The estimates of the parameter µ are smaller in the case of maximum likelihood estimation; both methods point to an increase of these parameters in time. The variance parameter σ 2 is remarkably greater for L-moments estimation.
The fitted models may be compared with the use of various techniques; in this text, the χ 2 statistic of a goodness-of-fit test was employed. Because of the time development of income level, different evaluation intervals (31 in each year) were used for different values of income. The χ 2 statistic depends strongly on the choice of intervals for small values of income because of very different estimates of the shift parameter θ. No method of estimation seems to be superior for all analysed years. It coincides with the literature, as for large samples maximum likelihood estimates have an optimal theoretical (asymptotic) property. Estimates with the use of L-moments are sometimes more efficient than maximum likelihood estimates, see Hosking (1990) . For all years p-values for the goodness-of-fit test equal zero, so they are not given in Table 3 .
In Figures 6 and 7 , the estimated lognormal densities are shown. Estimated modes are not given in the text, but from these two figures the development of this (estimated) characteristic of the income level is obvious. The modes shift from the left (1992) to the right (2007) and values of densities in the mode decrease with time. The curves are similar in their shapes, but as the scale of both figures is the same, we observe different values of estimated densities. The income that is analysed here is not a net annual household income per capita as in Subsection 3.1, but the net annual household income per economic unit, or the equivalised income. In the EU methodology, the head of household's weight value is 1, other adult household members and children having weights of 0.5 and 0.3 respectively (an alternative weighing system is that of OECD). It means that a household with two parents and two children has 4 members (for per capita income evaluation 4×1 = 4 in the denominator) but only 2.1 (= 1+0.5+2×0.3) when equalised income is evaluated. Even greater is the gap in the case of a household with a single parent and 3 children, where the number of members is 4 again, but the number of economic units is 1.9 (= 1 + 3 × 0.3). As the total net income is the same for both the approaches (per capita and per economic unit), the resulting income per an economic unit is greater for equalised than for per capita income. All values in this part are taken from the Eurostat webpage (EUROSTAT). Table 4 contains the medians of net annual household income per economic unit in 2004-2007. Uniform survey methodology was employed in the whole European Union, allowing a direct comparison of nominal income in different countries. Standard division of the EU countries into three groups (EU27: all present member countries, EU15: the "old" members before 31th December 1995, and EU12: the "new countries") is used first of all. Then all the EU countries are dealt with separately. All values of the medians are in EUR. Particular members of these groups are shown in Table 6 . Tables 5 and 6 represent the average growth rate of the nominal median of incomes of the European Union states in 2004 Table 4 and Figure 7 we can observe a markedly lower level of nominal income in virtually all former communist countries. Despite this, it is just in the case of these countries that the average growth rate of nominal income is the highest, as we can see from Tables 5 and 6 .
Equivalised Income in the European Union
In Table 5 , the average annual income medians are compared for the above mentioned groups of EU countries and the Czech Republic. Higher values of the rate in the Czech Republic or in the group of "new" countries compared to the "old" EU members are obvious.
In Table 6 , the old EU countries are in the left column and the new ones on the right. Again, higher values are apparent for new members with the highest average rate for Bulgaria (+25.3 % in two years) or Estonia (with +23 %). Due to the fact that the last year in Tables 5 and 6 is 2007, no effects of the economic crisis are reflected in the statistics.
In Figure 7 , the medians of equivalised annual net income are shown for 2008, black triangles indicating the "old" and grey squares the "new" countries. The greater the distance from the centre, the higher the median of income. We can see that the new countries are closer and the old ones further from the centre (with the exception of Cyprus, whose median is comparable to that of old countries), the highest and smallest medians for Luxemburg and Romania respectively being noticeable.
The present paper puts emphasis on the Czech Republic. In Table 7 , the medians of both per capita and equivalised incomes for the analysed years (the former taken from our computations, the latter from Eurostat data) are compared. As expected, income per economic unit tends to be greater (it is equal only for one-member households), which is in accordance with higher medians in the second row of the table. The increase in medians of income per economic unit and per capita is 43.3 % and 46.9 %, respectively. 
Conclusions
In this article, the net annual per capita income is investigated for the period from 1992 to 2007 during which there were the two different states in question -the Czech and Slovak Federal Republic (1992) and the Czech Republic (1993 Republic ( -2007 . Sample distributions and their lognormal models are discussed from various points of view. The three-parameter lognormal distribution was used as a model for incomes, two methods of estimation of the unknown parameters -the maximum likelihood and Lmoment methods -were employed. This approach enables us to compare their accuracy. According to the estimated densities, both methods give similar results, point estimates of parameters, however, being surprisingly different. The obtained level characteristics are also very similar, regardless of the method used.
The worst estimate (measured by standard error) is obtained for the shift parameter θ. It is rather difficult to interpret its values as they are negative for the maximum likelihood method and greater than the minimum value in the sample for the L-moment method.
The appropriateness of the choice of the lognormal as a model was rejected by a χ 2 test for all models. But the large-sized sample test power being so high, the test reveals the smallest differences between sample distribution and the model that are neither substantial nor important in practical use. We hope that the distribution is acceptable for the analysis 150 Austrian Journal of Statistics, Vol. 41 (2012), No. 2, 133-152 as it is frequently used with satisfactory results in the literature dealing with incomes and wages, such a choice being underpinned by relevant theoretical reasons as well (e.g. Gibrat's law of proportionate effects, Kleiber and Kotz, 2003) . The development of distributions and their various characteristics are examined in order to analyse the change of income distributions in the transformation from centrally planned into market economy. It is obvious that income disparities have emerged, a group with markedly high incomes having developed since 1992. The level of income distributions increases distinctively, the skewness of income distributions gradually declining. The amount of net household per capita income depends explicitly on the age and education of the head of household. It can be noted that net per capita income rises with the highest achieved education, but we cannot claim categorically that it rises with the age of the head of household. Households whose head is between 30 and 40 years (maybe with small children) and over 60 years of age (usually those of pensioners) have the lowest net per capita income. Upper and lower bounds determining the net per capita income gap move away from each other in time. During the whole survey period, the obvious growth of annual net per capita income level is registered (in the light of both total and separated sets, according to residence, age and education), a remarkable inflation rate being taken into account. Nominal income was focused on exclusively, its fast growth having been caused by inflation and the real income increase. The nominal income growth was faster than inflation, the real income increase being obvious. This observation is quantified in the text.
Income per capita in CZK -despite the widespread and recommended use of equivalised income -is analysed in the present research paper. The use of income per economic unit can surpass some strange or surprising results in our analysis and it can ensure better results. At the end, we present medians of equivalised income in EUR for the EU members. European states from the group of 15 original members have a noticeably higher nominal level of income per economic unit, but we can observe a lower growth rate of these incomes. On the other hand, twelve new member states have a substantially lower median of income but higher growth rates.
For the Czech Republic, we compare income per capita with income per unit in Euro in order to illustrate the relation between these two quantities. Different growth rates of median income for the Czech Republic in Euro and CZK may have been caused by the development of the exchange rate of CZK to EUR.
